Ψ * from the downward control principle
In order to establish the connection between changes in stratospheric wave drag and the Brewer-Dobson circulation more quantitatively, we use the downward control principle [Haynes et al., 1991] to diagnose the residual streamfunction associated with the stratospheric wave drag change, similar to Randel et al. [2002] . The residual streamfunction for the resolved and parameterized wave drag from downward control is used to compare with the streamfunction derived directly from the momentum equation.
From Edmon et al. [1980] and Andrews et al. [1987] , the Transformed Eulerian Momentum (TEM) equation can be obtained,
where DF is the Eliassen-Palm divergence (wave drag) andf is the zonal mean absolute vorticity.v * andω * are the residual velocity, as follows,
From zonal-mean continuity equation,
the residual streamfunction can be calculated directly from residual meridonal/vertical velocity, so that
where g is acceleration of gravity, a is radius of the Earth. From equation (1) and (5), by neglecting zonal wind tendency, and integrating following angular momentum contours, it is straightforward to derive the residual streamfunction under downward control,
The comparison between the direct residual streamfunction at 70 hPa (equation (5)) and the one associated with wave drag diagnosed from downward control principle (equation (6) ) is shown in Fig. S1 . For the climatology (Fig. S1 a) Butchart et al. [2010] , the resolved wave and parameterized gravity wave drag (orographic, frontal and convection) can well explain the direct residual streamfunction, with resolved waves playing a more important role in the extratropics. For the response to Arctic sea ice loss (Fig. S1 b) , almost all of the BDC reduction within the polar cap is caused by the resolved planetary waves in the stratosphere, with gravity wave drag making only a minor contribution. This provides further evidence for the connection between stratospheric wave change and BDC reduction. 
